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a b s t r a c t
Let D be a digraph with vertex set V (D) and A be the adjacency matrix of D. The largest
eigenvalue of A, denoted by ρ(D), is called the spectral radius of the digraph D. In this
paper, we establish some sharp upper or lower bounds for digraphs with some given graph
parameters, such as clique number, girth, and vertex connectivity, and characterize the
corresponding extremal graphs. In addition, we give the exact value of the spectral radii of
those digraphs.
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1. Introduction
Throughout this note, we consider finite, simple strongly connected digraphs, i.e. without loops and multiple arcs. We
use standard terminology and notation and refer to [1] for an extensive treatment of digraphs.
For a digraph D = (V (D), E(D)), where V (D) and E(D) are the vertex set and arc set of D, respectively. Two vertices are
called adjacent if they are connected by an arc. If e = uv ∈ E(D), then u is the initial vertex of e and v is the terminal vertex.
The outdegree of a vertex is the number of arcs of which it is the initial vertex; the indegree is the number of arcs of which it
is the terminal vertex. Let N+(u) and N−(u) denote the out-neighbors and in-neighbors of u, respectively. We call D strongly
connected if for every ordered pair x, y ∈ V (D), there exists a directed path from x to y and a directed path from y to x. Let−→
P l and
−→
C l denote respectively the directed path and the directed cycle on l vertices. The complete digraph of order n is
the digraph
−→
Kn in which every pair of vertices is an arc. F is called a clique of D if D[F ] is a complete subdigraph of D. The
clique number of a digraphD, denoted byω(D), is the number of vertices in the largest clique ofD. LetDuv denote the digraph
obtained by deleting the arc uv and identifying the vertices u and v of D. Let D be a digraph with uv ∈ E(D) and w ∉ V (D),
we call w an insert into the arc uv of D if one replaces the arc uv by the directed path uwv and denote the new digraph by
Dw . Similarly, we call a vertexw an insert into a directed path
−→
P l if some arc of E(
−→
P l), say uv, is replaced by uwv.
Given a strongly connected digraph D, let A(D) denote the adjacency matrix of D whose vertex set is {v1, . . . , vn} which
is the n × n matrix whose entry aij is defined as aij = 1 if vivj ∈ E and aij = 0 otherwise, and let ρ(D) denote its spectral
radius, the largest modulus of an eigenvalue of A(D). It follows from the Perron–Frobenius Theorem (see, e.g. [25]) that ρ(D)
is an eigenvalue of D and that there is a corresponding eigenvector whose coordinates are all non-negative.
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Fig. 1. A transformation from D to D′ .
Let η(A) be the numerical radius of a square matrix A, i.e.,
η(A) = max{|⟨Ax, x⟩| : x is a unit vector with complex entries}.
Given a complex matrix A = (aij), write ∥A∥ for its Frobenius’s norm, i.e., ∥A∥ =

i,j |aij|2. It is easy to see that
η(A) ≤ ∥A∥ with equality holding, e.g., if A is a matrix with all entries equal. Given a square matrix A, let ω(A) be
the maximum size of its principal submatrices with no off-diagonal zero entries. Note that if A is the adjacency matrix
of a digraph D, then ω(A) = ω(D) and ρ(D) ≤ η(A). Let A be an n × n complex matrix, Nikiforov [24] showed that
η2(A) ≤ (1− 12ω(A) − 12n )∥A∥2. The value η(A) has been extensively studied, see, e.g., [13,14,20,18] and their references.
The spectra of undirected graphs are well treated in the literature, see [8,11,26,27], but there is not much known about
digraphs. Note that, in general, for digraphs the largest singular value and the numeric radius are more relevant than the
spectral radius. In [19], Meng investigated cospectral Cayley digraphs. Recently, Mohar [22] gave a lower bound of spectral
radius of digraphs with given dichromatic number. Lin and Shu [16] showed that any strongly connected bicyclic digraph is
determined by the spectrum. Brualdi wrote a stimulating survey on this topic [6], and we refer the reader to that article for
additional information.
The current paper is organized as follows: In Section 2, we give some basic graph transformations; In Section 3,
we characterize the digraphs which minimize the spectral radius with given clique number and girth. In Section 4, we
characterize the digraphs which maximize the spectral radius with given vertex connectivity, we also give the exact values
of the spectral radius of those digraphs.
2. Some basic graph transformations on digraphs
The following well-known result can be found in [21, Chapter 1].
Lemma 2.1. If A is a non-negative matrix and x = (x1, . . . , xn) ≥ 0 is a nonzero vector such that Ax ≥ αx for some α ∈ R, then
ρ(A) ≥ α. Furthermore, if A is irreducible and there exists some i such that (Ax)i > αxi, then ρ > α.
In the following, let x = (x1, . . . , xn) be the Perron vector of D, where xi corresponds to the vertex ui.
Theorem 2.1. Let D be a strongly connected digraph and u be an arbitrary vertex of V (D). Let V1 ⊆ N+(u) and V2 ⊆
V (D) − {u} ∪ N+(u). Suppose that D′ = D + {uw : w ∈ V2} − {uw : w ∈ V1} (see Fig. 1). If w∈V2 xw ≥ w∈V1 xw ,
then ρ(D′) ≥ ρ(D).
Proof. Note that (Ax)i =nj=1 aijxj and (A′x)i =nj=1 a′ijxj. If v ∈ V (D) and v ≠ u, then (Ax)v = (A′x)v; and if v = u, then
(A′x)u − (Ax)u = w∈V2 xw −w∈V1 xw ≥ 0. Thus, A′x ≥ Ax = ρx, then by Lemma 2.1, we have ρ ′ ≥ ρ. Therefore, we
complete the proof. 
Using the above theorem, we immediately get the following corollary.
Corollary 2.1. Let D′ be the digraph obtained from a strongly connected digraph D by replacing the edge urus to the position of a
non-arc urut . If xt ≥ xs, then ρ(D′) ≥ ρ(D). Furthermore, if xt > xs, then ρ(D′) > ρ(D).
Similar to Theorem 2.1, we have the following result.
Theorem 2.2. Let D be a strongly connected digraph and u, v be two arbitrary vertices of V (D). Let V1 = {u1, . . . , uk} ⊆
N−(u)− N−(u) ∩ N−(v) and D′ = D− {uiu|i = 1, . . . , k} + {uiv|i = 1, . . . , k}. If xu ≤ xv , then ρ(D′) ≥ ρ(D). Furthermore,
if xu < xv , then ρ(D′) > ρ(D).
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Fig. 2. The digraph Bn,d .
Proof. Note that (Ax)i =nj=1 aijxj and (A′x)i =nj=1 a′ijxj. If i ≠ 1, . . . , k, then we have (Ax)i = (A′x)i. If i = 1, . . . , k, then
we have (A′x)i−(Ax)i = xv−xu ≥ 0, that is, (A′x)i ≥ (Ax)i (i = 1, . . . , n). Thuswe have A′x ≥ Ax. By Lemma 2.1, we get that
ρ(D′) ≥ ρ(D). Similarly, if xu < xv , for i = 1, . . . , k, we have (A′x)i ≥ (Ax)i. Then by Lemma 2.1, we have ρ(D′) > ρ(D). 
The following two results are well-known on a non-negative matrix, we cite them as our lemmas.
Lemma 2.2. Let D be a strongly connected digraph and D′ be a proper subdigraph of D. Then ρ(D′) < ρ(D).
Lemma 2.3. Let D be a digraph and D1, . . . ,Ds be the strongly connected components of D. Suppose that ρ(Di) =
max{ρ(D1), . . . , ρ(Ds)}, then ρ(D) = ρ(Di).
Lemma 2.4. Let D be a strongly connected digraph and D 
−→
Cn . Suppose that
−→
P = u1u2 . . . uk (k ≥ 3) is a directed path of D
with d+D (ui) = 1 (i = 2, . . . , k− 1), then we have xi < xi+1 (i = 2, . . . , k− 1).
Proof. Since D is a strongly connected digraph and D 
−→
Cn ,D contains some directed cycle
−→
C l (l ≥ 2), therefore, by
Lemma 2.2, we have ρ(D) > 1 since ρ(
−→
C l) = 1, l ≥ 2. We get ρ(D)xi = xi+1 since d+D (ui) = 1. Thus, xi < xi+1 (i = 2,
. . . , k− 1). 
Theorem 2.3. Let D be a strongly connected digraph and D 
−→
Cn . Suppose that
−→
P = u1u2 . . . uk (k ≥ 3) is a directed path of
D with d+D (ui) = 1 (i = 2, . . . , k− 1), then ρ(Dui−1ui) > ρ(D).
Proof. Let D′ = D − {ui−1ui} + {ui−1ui+1} and let x be the Perron vector of D. Since −→P = u1u2 . . . uk (k ≥ 3) is a directed
path of D with d+D (ui) = 1, for i = 2, . . . , k − 1. Then by Lemma 2.4, we have xi+1 > xi (i = 2, . . . , k − 1). Therefore,
by Corollary 2.1, we have ρ(D′) > ρ(D). It is easy to see that D′ has exactly two strongly connected components, one is an
isolated vertex, and the other is Dui−1ui . Then by Lemma 2.3, we have ρ(Dui−1ui) = ρ(D′) > ρ(D). 
By the above theorem, we immediately have the following corollary.
Corollary 2.2. Let D be a strongly connected digraph and D 
−→
C n. Then ρ(D) > ρ(Dw).
Proof. Let uv ∈ E(D), w ∉ V (D) and Dw = D−{uv}+ {uw,wv}. Suppose that x is the Perron vector of Dw , then−→P = uwv
is a directed path of Dw with d+Dw (w) = 1. Then by Theorem 2.3, we have ρ(D) > ρ(Dw). 
3. The minimum spectral radius of digraphs with given clique number and girth
In the following, we will consider the minimum spectral radius of digraph with given clique number. Let Gn,d denote the
set of strongly connected digraphswith order n and clique number d. Let Bn,d be a digraph obtained by adding a directed path−→
P n−d+2 = u1u2 . . . un−d+2 to a clique −→K d such that V (−→K d) ∩ V (−→P ) = {u1, un−d+2} (as shown in Fig. 2). In the following,
we shall show that Bn,d is the unique digraph which achieves the minimum spectral radius among all digraphs in Gn,d.
Theorem 3.1. Let D be an arbitrary digraph in Gn,d. Then ρ(D) ≥ ρ(Bn,d) and the equality holds if and only if D ∼= Bn,d.
Proof. Let D be an arbitrary strongly connected digraph in Gn,d. By Lemma 2.2, any vertex deletion or arc deletion will
decrease the spectral radius of D. Therefore, we delete vertices and arcs of D such that the resulting digraph is formed by a
clique
−→
Kd and a directed path
−→
P l (l ≥ 3) with initial and terminal vertices in V [D(−→Kd )]. We denote the new digraph by D′,
we have ρ(D′) ≤ ρ(D), the equality holds if and only if D′ ∼= D.
If l = n− d+ 2, then we are done.
If l < n− d+ 2, we insert the remaining n− d− l+ 2 vertices into the directed path−→P l, is Bn,d, thus by Corollary 2.2,
we have ρ(Bn,d) < ρ(D′).
Therefore, we have ρ(Bn,d) < ρ(D) and the equality holds if and only if l = n−d+2 and D′ ∼= D, which implies D ∼= Bn,d.
Therefore, we complete the proof. 
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In the following, we will estimate the spectral radius of Bn,d.
Corollary 3.1. Let Bn,d be defined as the above. Then
d− 1 ≤ ρ(Bn,d) < d− 2+
√
d2 + 4
2
.
Proof. Since Bn,d contains
−→
K d as a subgraph, then ρ(Bn,d) ≥ ρ(−→K d) = d − 1, the equality holds if and only if Bn,d is a
complete graph on d vertices.
By Theorem 2.2, we have ρ(Bn,d) ≤ ρ(−→K d ∪ {u1un−d+2}). Let x = (x1, . . . , xd) be the Perron vector of−→K d ∪ {u1un−d+2}.
By symmetry, for vertices u ≠ v ∈ V (−→K d ∪ {u1un−d+2}), we have xu = xv . Let ρ = ρ(−→K d ∪ {u1un−d+2}) and xu = x0, for
each u ∈ V (−→K d \ {u1un−d+2}), xu1 = x1 and xun−d+2 = x2. Then we have
ρx0 = (d− 3)x0 + x1 + x2,
ρx1 = (d− 2)x0 + 2x2,
ρx2 = (d− 2)x0 + x1.
Therefore, we have x2 = x0 and ρ2 − (d − 2)ρ − d = 0. Thus ρ = d−2+
√
d2+4
2 . Since u1un−d+2 is a multiple arc of−→
K d ∪ {u1un−d+2}. Therefore, we have ρ < d−2+
√
d2+4
2 . 
Let D be a digraph. A vertex set A ⊆ V (D) is acyclic if the induced subdigraph D[A] is acyclic. A partition of V (D) into k
acyclic sets is called a k-coloring of D. The minimum integer k for which there exists a k-coloring of D is the dichromatic
number χ(D) of the digraph D. The above definition of the dichromatic number of a digraph was first introduced by
Neumann-Lara [23]. The same notion was independently introduced much later by Mohar when considering the circular
chromatic number of weighted (directed or undirected) graphs [22]. The dichromatic number of digraphs was further
investigated in [2]. Clearly, if G is an undirected graph, then D is the digraph obtained from G by replacing each edge with
the pair of opposite arcs joining the same pair of vertices, and then χ(D) is the same as the usual chromatic number of the
undirected graphG since any two adjacent vertices inD induce a directed cycle of length two. Lin and Shu [15], characterized
the digraph with the maximum spectral radius with given dichromatic number. By the result of Feng et al. [10], it is obvious
that the graph attains theminimum spectral radius among all graphswith given chromatic number is also has theminimum
spectral radius among all graphs with given clique number when χ(G) ≥ 4. Therefore, we propose the following problem.
Problem 1. Among all strongly connected digraphs with dichromatic number d ≥ 4, does the digraph Bn,d attain the
minimum spectral radius?
We say a tournament T is regular if all of its row sums are the same. If n is odd, then a tournament of order n has spectral
radius equal to (n− 1)/2 if and only if it is regular; thus for n odd, the maximal spectral radius ρ of tournaments of order n
is given by ρ = (n− 1)/2. A tournament is called the Brualdi–Li tournament if the adjacency matrix is
A =

Un/2 U tn/2
U tn/2 + I Un/2

,
where Uk is the matrix with ones above the main diagonal and zeros on and below the diagonal. If n is even, Brualdi and
Li [7] conjectured that the Brualdi–Li tournament attains the maximum spectral radius among all tournaments of order.
Recently, Drury [9] proved this conjecture. For additional results about the spectral radius of tournamentswe refer the reader
to [4,5,12].
Let Tn,d denote the set of all digraphsD, which are defined as V (D) = V1∪· · ·∪Vd, whereD[Vi] is a Brualdi–Li tournament
if |Vi| is even, and D[Vi] is a regular tournament if |Vi| is odd, and uv, vu ∈ [Vi, Vj] for each u ∈ Vi and v ∈ Vj, and T ⋆n,d denote
the digraph in Tn,d with ∥V i| − |V j∥ ≤ 1. If d = 1, then the digraph attains the maximum spectral radius among Gn,1 must
be in tournaments. Thus we have the digraph T ⋆n,1 attains the maximum spectral radius in Gn,1. Therefore, we propose the
following problem.
Problem 2. Among all digraphs in Gn,d, does the digraph T ⋆n,d attain the maximum spectral radius?
The girth of D is the length of the shortest directed cycle of D. Let Cn,g denote the set of strongly connected digraphs with
order n and girth g . Let Cn,g be a digraph obtained by adding a directed path
−→
P n−g+2 = u1u2 . . . un−d+2 on the directed cycle−→
C g with V (
−→
C g) ∩ V (−→P n−g+2) = {u1, un−g+2}with u1un−g+2 ∈ E(D) (as shown in Fig. 3). In the following, we will discuss
which digraph achieves the minimum spectral radius among all digraphs in Cn,g .
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Fig. 3. The digraph Cn,g .
Fig. 4. The digraphs D and D′ .
Fig. 5. The digraphs D and D′ .
Before proceeding, we need the following two useful lemmas.
Lemma 3.1. Let D′ be the digraph formed by a directed cycle
−→
C g and a directed path
−→
P l with initial at u1 and terminal at u2
such that V (
−→
P l)∩ V (−→C g) = {u1, u2} (as shown in Fig. 4). Let D = D′ − {vu2} + {vut}. Then ρ(D) ≥ ρ(D′) and equality holds
if and only if D′ ∼= D.
Proof. Let x = (x1, x2, . . . , xn) be the Perron vector of D′ and let ρ(D) and ρ(D′) denote the spectral radius of D and D′,
respectively. Since
−→
P = u2−→C gut is a directed path of D′ with d+D′(ui) = 1, for i = 2, . . . , t , by Lemma 2.4, we know that
x2 < xt , for t ≥ 3, then by Corollary 2.1, we have ρ(D) ≥ ρ(D′), equality holds if and only if D′ ∼= D. 
Similar to the proof of the above result, we immediately get the following lemma.
Lemma 3.2. Let D′ be the digraph formed by a directed cycle
−→
C g and a directed path
−→
P l with initial at ut and terminal at ut+1
such that V (
−→
P l) ∩ V (−→C g) = {ut , ut+1} (as shown in Fig. 5). Let D = D′ − {vut+1} + {vu1}. Then ρ(D) > ρ(D′).
Proof. Let x be the Perron vector of D′. Since
−→
P = ut+1−→C gu1 is a directed path of D′ with d+D′(u) = 1, for all u ∈ V (
−→
P ).
Thus we have xt+1 < x1 by Lemma 2.4. Then similar to the proof of Lemma 3.1, we have ρ(D) > ρ(D′). 
In the following, we shall show that Cn,g is the unique digraph which attains the minimum spectral radius among all
digraphs in Cn,g .
Theorem 3.2. Let D be an arbitrary digraph of Cn,g . Then ρ(D) ≥ ρ(Cn,g) and equality holds if and only if G ∼= Cn,g .
Proof. Let D be an arbitrary strongly connected digraph of Cn,g . By Lemma 2.2, any vertex deletion or arc deletion will
decrease the spectral radius of D. Therefore, we delete vertices and arcs of D such that the resulting digraph is formed by
a directed cycle
−→
Cg and a directed path
−→
P l (l ≥ 3) with initial and terminal vertices on V [D(−→Cg )], namely, u1 and ut ,
respectively. We denote the new digraph by D′, by Lemma 2.2, we know that ρ(D′) ≤ ρ(D), equality holds if and only if
D ∼= D′. Suppose−→Pl is the directed path from u1 to ut or from ut to u1. Then we shall discuss by the following two cases.
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Fig. 6. The digraphs−→K k,1n−1 and−→K
k,n−k−1
k+1 .
Case 1.
−→
Pl is from u1 to ut . Then we insert the other |V (D)| − |V (D′)| vertices to the directed path −→Pl , denote the new
digraph by D′′. By Corollary 2.2, we have ρ(D′) ≥ ρ(D′′), equality holds if and only if D′ ∼= D′′. Then by Lemma 3.1, we have
ρ(D′′) ≥ ρ(Cn,g), equality holds if and only if D′′ ∼= Cn,g . Therefore, we get ρ(D) ≥ ρ(Cn,g), equality holds if and only if
D ∼= Cn,g .
Case 2.
−→
P l is from ut to u1. Similar to the proof of Case 1 and by Lemma3.2,we haveρ(D) > ρ(Cn,g). Therefore,we complete
the proof. 
4. The maximum spectral radius of strongly connected digraphs with given vertex connectivity
In this section, we will discuss the maximum spectral radius of strongly connected digraphs with given vertex
connectivity. Let Dn,k be the set of strongly connected digraphs with order n and vertex connectivity κ(D) = k. Let
D1 ▽ D2 denote the digraphs obtained from two disjoint digraphs D1,D2 with vertex set V (D1) ∪ V (D2) and arc set
E = E(D1) ∪ E(D2) ∪ {uv, vu|u ∈ V (D1), v ∈ V (D2)}. Let −→K k,sn−s denote the set of digraphs
−→
Kk ▽ (−→Ks ∪ −→K n−s−k) ∪ E
where E = {viuj|vi ∈ −→K s, uj ∈ −→K n−s−k}. The techniques used in this section are motivated by those in Lin et al. [17], and
the digraphs attaining the maximum spectral radius are the same as the digraphs attaining the minimum distance spectral
radius among all digraphs inDn,k.
The following result can be found in [3, p. 173, Exercise 10.1.9], we cite it as our lemma.
Lemma 4.1. Let D be an arbitrary strongly connected digraphwith vertex connectivity k. Suppose that S is a k-vertex cut of D and
D1, . . . ,Ds are the strongly connected components of D− S. Then there exists an ordering of D1, . . . ,Ds such that, for 1 ≤ i ≤ s
and v ∈ V (Di), every tail of v in D1, . . . ,Di−1.
By Lemma 4.1, we know that D1 (with |V (D1)| = s) is the strongly connected component of D − S where no vertex of
V (D1) has in-neighbors in D − S. Let D2 = D − S − D1. Since D is a strongly connected digraph, we add arcs to D until D1
and D2 attain to complete digraphs and E = {uv|u ∈ V (D1), v ∈ V (D2)}, denote the new digraph by D′. It is easy to see that
D′ ∈ −→K k,sn−s. Therefore, we know that the digraphs which achieve the maximum spectral radius among all digraphs inDn,k
must be in
−→
K
k,s
n−s.
Let Ja×b be the a× bmatrix whose entries are all equal to 1, In be the n× n unit matrix, 0a×b or 2a×b be the a× bmatrix
of entries are all equal to 0 or 2, respectively. The following lemma gives that ρ(
−→
K
k,1
n−1) = ρ(−→K
k,n−k−1
k+1 ), where
−→
K
k,1
n−1 and−→
K
k,n−k−1
k+1 are shown in Fig. 6.
Lemma 4.2. Suppose A is the adjacency matrix of −→K k,1n−1, it is easy to see that At is the adjacency matrix of −→K
k,n−k−1
k+1 . Then
P−→
K
k,1
n−1
(λ) = P−→
K
k,n−k−1
k+1
(λ).
Lemma 4.3. Let f (x) = (n−2)2+4x2−4(n−k)x+4n−4, 1 ≤ x ≤ n−k−1. Then fmax(x) = f (1) = f (n−k−1) = (n−2)2+4k.
In the following, we will consider which digraphs maximize the spectral radius in
−→
K
k,s
n−s.
Theorem 4.1. The digraphs−→K k,1n−1 and−→K
k,n−k−1
k+1 maximize the spectral radius among all digraphs in
−→
K
k,s
n−s.
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Proof. Let D be an arbitrary digraph in−→K k,sn−s and S be a k-vertex cut of D. Suppose that D1 and D2 (with |V (D1)| = n1 and|V (D2)| = n2, respectively) are two sub-complete digraphs of D− S with arcs E = {u1u2 ∈ E|u1 ∈ V (D1), u2 ∈ V (D2)}. It is
easy to see that 1 ≤ n1 ≤ n− k− 1. Let A be the adjacency matrix of D. Then
A =
Jn1×n1 − In1×n1 Jn1×k Jn1×n2
Jk×n1 Jk×k − Ik×k Jk×n2
0n2×n1 Jn2×k Jn2×n2 − In2×n2

and
PD(λ) = |λI − A| =
(λ+ 1)In1×n1 − Jn1×n1 −Jn1×k −Jn1×n2−Jk×n1 (λ+ 1)Ik×k − Jk×k −Jk×n20n2×n1 −Jn2×k (λ+ 1)In2×n2 − Jn2×n2

= (λ+ 1)n−2
λ− n1 − k+ 1 −n2−k λ− n2 + 1

= (λ+ 1)n−2[λ2 − (n− 2)λ+ n1n2 − n+ 1]
= (λ+ 1)n−2[λ2 − (n− 2)λ+ n1(n− k− n1)− n+ 1].
Thus we have ρ(D) = n−2+
√
(n−2)2−4[n1(n−k−n1)−n+1]
2 ≤ n−2+
√
(n−2)2+4k
2 by Lemma 4.3, equality holds if and only if n1 = 1
or n1 = n− k− 1. If n1 = 1, then D ∼= −→K k,1n−1; if n1 = n− k+ 1, then D ∼= −→K
k,n−k+1
k . 
Theorem 4.2. Let D be an arbitrary digraph in Dn,k. Then ρ(D) ≤ n−2+
√
(n−2)2+4k
2 and equality holds if and only if either
D ∼= −→K k,1n−1 or D ∼= −→K
k,n−k+1
k .
Proof. By the proof of the above theorem, we have ρ(D) ≤ n−2+
√
(n−2)2+4k
2 . If the equality holds, then either D
∼= −→K k,1n−1 or
D ∼= −→K k,n−k+1k . If D ∼= −→K
k,1
n−1 or D ∼= −→K
k,n−k+1
k , then it is routine to show that ρ(D) = n−2+
√
(n−2)2+4k
2 . Thus, we complete
the proof. 
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